CHAPTER
EIGHT

VIIl. FINITE ELEMENT METHOD FOR ORDINARY
DIFFERENTIAL EQUATION

The finite element (FE) method is more versatile than the finite difference method because of the
FE freedom of selecting an arbitrary distribution of mesh points. It has several advantages over
some other numerical methods: (1) it can deal with irregular geometries, (2) its accuracy is gener-
ally higher than in the finite difference method, (3) the higher order approximations can be easily
obtained, (4) the treatment of boundary conditions is easier, and (5) the derivation of FE approxi-
mation is sometiomes easier. However, there some drawbacks: (1) calculation of the coefficients
for the approximating equations is longer, (2) the matrix of the discretized system is irregular, (3)
must use the direct methods of matrix inversion in the solution of resulting linear algebraic sys-
tems of equations. The finite element method is widely used in heat transfer, neutron transport,
neutron diffusion, and fluid flow.

VIII.1. Finite Element method for the diffusion equation in 1D slab geometry

We start from the neutron diffusion equation in 1D slab geometry, with vacoom boundary condi-
tions:

—%D(x)%(¢(x)+za(x)¢(x) = Q(x), xO[0, H] (VIIL 1)
B.C. ®(0) = 0
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FIGURE VIII.1. The one dimensional slab geometry
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We now impose the following spatial mesh that divides the slab into “cells”:
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FIGURE VIII.2. Cell-edged spatial mesh
Now we will expand®(x) in terms of the finite elements basis functions
N+1
O(x) = 5 ®;Wi(x) (VL. 2)
j=1
Wheredbj - are the cell-edged fluxes, and
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Wj(x) = ij+l_x (vii. 3)
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FIGURE VIII.3. Finite-element basis functions
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Using Egs. (2) and (3) we can get

D(X) = QW (X) + P, Wi 1(0) X SXS X4 (VIIl. 4)
or
1
P(x) = h—j[d)j OXj 1= X) + Py (X=X)] X SXSX 4 (VIII. 5)
andCD(xJ-) =@, j =12 ...,N+1 .Ifwe multiply Eq. (1) b¥,(x) and integrate over
x<(0,H) we have
¥, —O%(D(X)O%(CD(X)D+ W, Z,(X)P(x)0= ¥, Q(X)I (VIIl. 6)
1) (2) 3)
where
H
I, gl= If(x)g(x)d>. (VIII. 7)
0

Now we can determine each term in Eq. (6):

D. D.
1=- ED(X)g—?(E Oi, N +1—E—D(X)S—ZE 0 ¢+ F_I‘_'Il(q’i - 1)+ T{I(q’i —®yq)
H 0 - i

>. . .h
2) = ai-1 |—1q)i_l_|_1.(Z

Zih;
6 3 hi_1+Zy )P+ —®;

ai-1 6

1
(3): éT([VZf,i—lq’i—lJ’ 2(VZ¢ j_qhj_ +VZ¢ )P +VE L hydy

an write the final set of equations as

P th®P+cd, =Q 1=23 .. ,N+1 (VIIl. 8)

B.C. ®(0) =00 ®, =0

We can now determine the expressions for m;@nd  in the algorithm
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D =m—0;®; 4 (VIIl. 9)
H .
At X = E write two equatlons

Pyi1 = M1 —Oe1Prns2 = Mys1— A1 BPy (VIII. 10)

Due to symmetry

Do = Py (VIII. 11)
(VIII. 12)
®y = M =gy Pp+1 (VIII. 13)

and solve these two equations (i.e. elimir@jg )

My, 1=y s M
®y o - Rt (VIII. 14)

1-ay.105

Now, the same algorithm as in the finite difference solution can be used.

VII1.2. Derivation of the Finite Element Coefficients

Derivation of the fist term from Eq. (6)

H
_ d d
1 —f dx¥;(X) g PR)FZP(X)

Use

jx[w (x)%:)(x)—cb(x)g} w (XE EHZ)(X)—CD(X)% W () gj(x) e

and
-w(x) D(x) dJ(x)——J' dx[ EilJ(x)D(x) dD(x)E} W(X)EHD(X) P00

Then
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H
(1)= Idx Eip(x)D(x)_cp(><)g+I dx LP(X)ED(X)—CD(X)

H N+1
= -y (x)D(x) <1>(x)|H + Y. (x)D(x) <D(x)|0+f dx LIJ (x)D(x) Z <D y. (x

Use
= 1 < X<
JXi _aSXSX
d i = J
—ij(x) =0
Ix 0_1 <x<
0 h X[ SXS X4 q
0 J

(1)= —‘PN+1(H)D(X) KMy |N+1+D(X) P01

N+1 H
+ z GJI de(x) lJJ(x) D—‘P (x)
j=1

XJ+2
FIGURE VIIl.4. Determination of inner product

1= —D(X) HP Xy |N+1+D(X) HP (X0, 1+

X;

dw,_, dLIJ dw,
+ O _ 1Dlljd D—w(x)dx+CDDllfd D—de
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Xi+1 Xi+1

d 4 g o
+CDDI dX l'|J(X) l'IJ(X)"'CDHlDJ’ x> qJ(X)dX

X X

X;

1) = —D(x)—CD(x)|H " D(x)—tD(x)|0+CD| D;_ 11 %hl B %de+

X X1 Xi+1

A7 ¢ sl'sn's
dx ®, , 4D, J’ DhDEhDdX

(1)= =D)L O()], + D) IO +

_(DI 1D| 1(X 1)+cDiDi—1+cDiDi_q)i+1Di
(hi_,)° o h hy

D;
(1)——D(X)—¢(X)|H+D(X) “PXp* |1(qJ P 1)+h(CD ®i 1)

VIIl.3. General Formulation of Basis Functions

Consider the i-th mesh element:

T1 I Mi+1

Xj hi Xi+1

FIGURE VIII.5. I-th mesh with internal nodes
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where1; ; and;,, ,,; -twoendnodegM;-1) interval nolfe, - degree of interpolating
polynomial in the i-th element.

In the case ofw, =1 - linear basis functions:

= —
IN)

Ii,l h|
In the case ofM; = 2 - quadratic basis functions:
|
|
I
| I |
| c |
L1 L2 I3
Then the load basis functions can be written as:
Fik =% _ _m K=
YiiD h O O = %0 oy (VIII. 15)

where j is the index of local subdivision.The local interpolating polynomial can be expressed as

M, +1

PMi(i)(X) = Z CDu‘Pi,E%E XiSXS X 41 (VII. 16)
j=1 :
WhereCDij = (D(Tij) . For
M; =10 ¥ 4(p) = 1-p (VIII. 17)
Wi ap) =p
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where 0<p<1 p

h;
1
0 1 p
For Mi = 2, we hav
Wi 1(p) = 1-3p+2p° (VIII. 18)
W, o(p) = 4p(1-p)
Wi s(p) = p(2p-1)
1.0
0.5
0.0
-0.5 0 1 0

VIIl.4. General Interpolating Polynomials

A function can be replaced by interpolatin polynomial as

N M +1

N
o) 0y PMi(')(x) =5 Y oy g(h—.'% (VIII. 19)
i=1 i=1 j=1

Thus, if all elements are lineata basis functions in Eq. 19 are given as:
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] h, 0
— % X
Wi(x) 120 IE“LLP ﬁ(h % i =2,
Wh+a(X) = wN,zg(—h—NE J=N+1
N

If all elements are quadratic, we introdice (2N+1) points

2N +1

d(x) = Z D, W, (x)

i=1

3~ Xi-y/a, fy, 0 —d

B 10 3Uh(i-1)/20 7,

Won+1(X) = Wy, 3g(h_NE
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