V. NUMERICAL SOLUTION OF THE TRANSPORT
EQUATION

The neutron transport equation can be solved analytically only for highly idealized config-
urations. For most transport problems of practical interest we resort to approximations.
These can be physical (for example, ignoring anisotropic scattering) or numerical (for
example, using finite-differences for derivatives), or both. Our goal is to convert the trans-
port equation into a system of coupled algebraic equation that can be solved on a com-
puter. Thus, we need to discretize the transport equation using eifwete
ordinates methodsor function expansions We shall briefly discuss here some of

the more common approximations, discussing one independent variable at a time.

Having in mind that the general time-dependent neutron transport equation has seven
independent variables (three spatial, two angular, energy, and time), a possible number of
unknowns after the discretization (i.e., the number of algebraic equations to solve) is given

in Table V.1.

TABLE V.6. An Example of Number of Unknowns after Discretization

Variabl Lower Upper
e Limit Limit
Spatial 100 100,000
Energy 2 100
Angular 1 16
Time 1 1000
Iterations 20 200
Variations 1 1000
TOTAL 4x103 3x10P

The number of variations can be related to the search for a critical mass, the control rod
movement, the changes in material compositions, or the temperature changes. As can be
see from Table V.1, the total number of equations to solve could be very large, as well as
the time to solve them. Thus, it is essential to choose the efficient numerical methods and
algorithms that are at the same time very accurate and comutationally very efficient. In
addition, in many cases it is necessary to use very fast computers (supercomputers) or to
use multiple processors to sole a large-scale problems.
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V.1. Time Discretization

We start from the general time-dependent neutron transport equation (Eq. 1V.23)

00 E, Q)+ 3 E)U(LE 0,0 +Q+ T (1, E, Q1) =

00

J’dE'I[ dQ'>(r,BE' - E, Q" « Q)U(r,E', Q' 1) +

XE) ey e : |
+ X R L dEV(E)Z (1 EYO(L,E 00+ 420, (1E.D

We discretize the time interval (O, T) into N time steps

| |
| | |
T | | L
LV 1 th1 1 N=T

We first integrate Eq. V.1 from t 711 to t = §,, obtaining:
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(V. 1)

(V. 2)

where an overbar denotes an average over the time step, and where we have assumed that
the cross sections do not change appreciably over the time step. For example, the angular

flux averaged over the time step is defined as
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whereAt = t, - th_1. Also,

t

j%w([,E,Q,t)dt = Q(r,E,Q,t)—w(r,E,Q,t,_1) = Wu(r,E, Q) -y, _4(r,E, Q)
tn 1

Note that the “old” angular fluxp,_; , is known — this is the initial condition for the cur-

rent time step. This leaves two unknown quantitigs, uynd . Thus, we need another

equation. A common choice is:

[D = BqJn-l-(l_B)qJn—l (V-4)

Using Eq. V.4 to eliminatg),, in Eq. V.2, we obtain:
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Thus, the time-dependent problem reduces to a steady-state problem within each time
step.

V.2. Energy Discretization

The neutrons in a reactor have energy range from about 10 MeV down to less than 0.01
eV. The energy variable is handled by theltigroup method The energy range of
interest is divided into G subintervals called “groups™

> | Groupgl -
] | | | ]
— | | ™ E
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We start with a steady state transport equation:
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and integrate it over an arbitrary group g, obtaining:
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where we replaced the integral over entire energy range by a sum of integrals over the par-
ticular energy groups:

Eg_1
de'
A

EO G
I dE' = z
0 =

g

We have not made any approximation — we have only integrated the transport equation.
Next, we define thegroup fluxes group source and group fission spectrumas
follows:
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Now we make themultigroup approximation We assume that the neutron flux is of
the separable form:

W(r,E, Q) =¢(r, Q) f(E) (V. 6)

where f(E) is a shape function in energy, often callggestrumWith this assumption, we
can define thgroup cross sectionggroup constants) as:
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These definitions and approximations lead tontltigroup transport equation

G
2L AT EGOVLA) = ) [ AR g g0 D0 @)D
g =14m
X G
+ 4—_?[ | 1VZf’g-([)(Pg'([) + Sg([’ (_2)
g =

Note: The multigroup transport equations aseactundereither of the following condi-
tions:

1) Angular flux is separable:y(r, E, Q) = ¢(r, Q) f (E) , with known spec-
trum f(E).
2) Cross sections are constant:
* 2¢(r,E) = constantforg<E<Eg,
* 34r,E'-E,...) =constant forg< E< Eg 3
*vZi(r,E") = constantfor&<E'< Ey_;.

The unknowns in the multigroup transport equation aregytbep fluxes These ar@ot
densities in energy each is an integral over an energy range.
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Special Case: One Group

The one-group transport equation can be obtained by defining the angular flux in terms of
delta function in energyy(r,E, Q) = W(r, Q)d(E - E,), and integrating the transport

equation over energy range:

Qe 0P (r, Q) +Z(r)P(r, Q) = Jdg'zs([,g'- Q)Y(r, Q) + (V. 8)

TU

# 2=V (D00 + S(1, Q)

This is often called the “one-speed” transport equation.

V.3. Angle Discretization

The two most popular angular discretization methods are:dilteete-ordinateqSy)
and thespherical-harmonics(Py) methods. Before we discuss these methods, how-
ever, we adopt the following assumption:

Assume: scattering cross sections depend only on the cosine of the scattering angle.

Thus,
ZS([! E'- E1 g' _)Q) = zS([) E'- E) QI.Q) = %([1 E'- E! UO) .

Let us look at the dependencexgfon the scattering angle, whose cosingisWe almost

always represent this dependence by a polynomial expansion. For reasons that will become
clear later, we uséegendre polynomials Any reasonable function of some variable

M, with —=1<u<1, can be represented as an infinite sum of Legendre polynomials:

2 o2k+1
(W)= Y S P V.9)
k=0

where R is the k, Legendre polynomial, ang s the k, expansion coefficient, given by:

+1
fk = 211[ duPy()f(H) -
-1
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We represent our scattering cross sections in this manner, except that we truncate the infi-
nite sum at some finite order K:

K
. 2k+1 .
k=0

with

1
o W(LE - E)EJZS([,E' - E, Ho)Py(Hp)dQ = ay| (1, E' - E, Hg) Py (M) dug
T -1

Note in particular:
Ssoll,E' - E) = JZS([,E' - E, 1p)dQ = Z(r,E' - E) (V. 11)
Tt

1

Zs1(LE" = E) = 2n[ 5(r, B’ — E, Ho)HoOHo (V. 12)
-1

The expression fa¥g 1(r,E'- E) can be simplified by defining the mean scattering cosine,

Ho as

1

2th 2(r,E' - E, Hg)Hgdug
o = —ll (V. 13)

21[ 5(1,E' - E, o),

Now, Eq. V.12 can be written as

1
0 o _
Zs4(r,E' > E) = MOEEHI >(r,E' - E, uo)du(% = HoZs o(lLE' > E) (V.14
-1

Thus, for isotropic scattering (K = 0), we have

1 1 ]

and for linearly anisotropic scattering (K = 1) we obtain
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: 1 . .
Zs([; E'- E! Uo) = 4_.'.[[Zs' 0([1 E'- E) +3|“10(Zs'1([| E'- E))] (V- 16)

or

.ot E' = E)

Zs([l E'- E’ Uo) = ATT

[1+ 3poko] (V. 17)

V.3.1 Spherical Harmonics (R) Method

The Ry method expands the angular flux in spherical harmonic functions, and truncates the
expansion at order N:

N
P(LE Q) = > > OmltE)Yin(Q) (V. 18)

| =0m=-I

where the coefficients of expansion are given as
@(1, E) = J Y(r, E, Q)Y im(Q)dQ (V. 19)
Tt

Here Yim is a spherical-harmonic function, and¥ is its complex conjugate (see D&H
Appendix D), defined as

— 1/2
2L (wyexplime .20

im(@) = (D"

whereP|(1) are Legendre polynomialsis the cosine of the polar angle apnd the az-

imuthal angle. The spherical harmonic functions are orhogonal and normalized:
J[Y*|m(£_2)Y|-m-(Q)d£_2 = 843 (V. 21)
TU

In the case of azimuthal symmetry, i.e., m = 0, the spherical harmonic functions depend on
the cosine of the polar angle only:

2l +1 172 ,
(0@ =[] P (v. 22

Note that ¢p is proportional to the scalar flux. With this approximation, we
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now have a set of unknown coefficientsn{} to solve for instead of an unknown function

of angle. To get equations for these coefficients, we can multiply the transport equation by
an arbitrary spherical harmonic functior’,®, and integrate over all angles. We do this

for all I'and m' such thatl<N and —&km'<+l'. This produces the same number of equa-
tions as unknowns. Now, we will look at the scattering term that arises when a spherical-
harmonics expansion is used for the angular flux:

f dQ'Z«(r,E'- EQ"Q)y(r,E'Q")
41

[oe] +|

K
| da § 2ktls  (rE-E)R }{ m(LE) Y m(Q'
LT LZO A K )Pc(Ho) IZOmZ—lcpl (LE") Yim(Q')

wherepg is Q+Q". Now, the spherical-harmoniesldition theorenstates that ifig is the
cosine of the angle between the directi@nandQ’, then:

+k
Pe(HO) = spis D Vil Q) Yin(Q)
n=-k

This relationship allows us to simplify the scattering term. Once we substitutgfigy, P
we can perform the integral oveRdusing the orthogonality of the spherical harmonics:

00

K k I
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V.3.2 Discrete-Ordinates (]) Method for Angle Discretization

The discrete-ordinates method, commonly referred to as\tineethod, assumes that neu-
trons travel only irdiscrete directions

Thus, each angular integral in the transport equation is replaced wghaarature
sum'’:

M

dof(Q) - W f(Qm)
R

m=1

The {wm} and {Qm} constitute thequadrature set. Also, wy corresponds to the sur-
face segment on the unit sphere associated with the diréztioithe discrete-ordinates

method, then, makes the following approximation for tlagtlar moments that
appear in the scattering and fission terms:

M

OB~ Y WY QmW(LEQn) -
Sy m=1

Thus, with the discrete-ordinates method we only need to find the angular flux at the M dif-

ferent angles @} in order to completely specify the total source. This means we only

have to solve the transport equation along the M different an@g$. { If we define

Pmg=WPg(Qm), the multigroup discrete-ordinates equations can be written as:

G
QW ) + ZegDmgld) = 38> VEg(D P50
g'=1

G K

k
+Z kZOZSkM(D Zk‘pk”yg([)Ykn(Qm) + S, M1, M.

n=—

g=1
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V.4. Spatial Discretization

There are many ways to discretize the spatial varrablé,y,z). It depends on the geom-
etry of the problem (one-, two-, or three-dimensional), and the coordinate system chosen
(Cartesian or curvilinear). We will not discuss this lengthy topic.

V.5. Solution of the Discretized Equations: Iterative
Methods

After discretizing all of the variables in the neutron transport, we obtain a large system of
algebraic equations that can be solved on a computer. There are many numerical methods
to solve the systems of algebraic equations, but the most popular are the iterative methods.
This is another lengthy topic we will not cover in this course. The main steps in an iterative
method are:

1) Guess the angular flux momenig g thereby producing a guess for the
total source.

2) For each group g and angle m, solve discretized equatiogs,for

3) Use thisymg to generate new flux moments, thereby producing a new
guess for the total source.

4) Repeat (2) and (3) until convergence.

This is called source iteration, and it is used (usually in conjunction with some sort of iter-
ative acceleration) in virtually all discrete-ordinates codes.
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